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1. INTRODUCTION 
The usual arithmetical operations of reals numbers can be extended to that of fuzzy intervals 
by means of Zadeh's extension principle [1] based on a triangular norm T. The most frequently 
investigated fuzzy intervals are those of L-R type, where L and R are left- and right-shape 
functions, respectively. 
In the recent paper [2], the best condition ensuring the conclusions of Hong and Hwang's 
Theorem [3], was investigated in case of fuzzy intervals with common spreads. 
In this paper, we extend the result to the case of fuzzy intervals with arbitrary spreads. 
We recall the following definitions. 
A fuzzy interval A is a fuzzy set of real numbers R with a continuous, compactly supported, 
unimodal, and normalized membership function. It is known [4] that any fuzzy interval can be 
described with the following membership function: 
1, i f a<x<b,  
if a - c~ < x < a, c~>O, 
i fb<x<b+/3 ,  ~>0,  
otherwise, 
where [a, b] is the peak of A; a and b are lower and upper modal values; L and R are shape 
functions, i.e., nonincreasing continuous mappings from the unit interval onto unit interval (with 
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L(0) = R(0) = 1 and L(1) = R(1) = 0). These fuzzy intervals are called fuzzy intervals of L-R 
type and they axe denoted by A = (a, b, a, ~)LR. The support of A is [a - a, b + f/]. L is called 
the left-shape function and a is the left spread of A. Similarly, R and 13 are called the right-shape 
function and the right spread of A, respectively. 
A function T : [0, 1] x [0, 1] --, [0, 1] is said to be a triangular norm (t-norm) [5] iff T is 
symmetric, associative, nondecreasing in each argument, and T(x, 1) = x, for all x • [0, 1]. 
Recall that a t-norm T is Archimedean iff T is continuous and T(x ,x )  < x, for all x • (0, 1). 
Every Archimedean t-norm T is representable bya continuous and decreasing function f : [0, 1] --* 
[0, c¢] with f(1) = 0 and 
T(x, y) = f[-1] ( f (x)  + f (y ) ) ,  
where f[-1] is the pseudo-inverse of f ,  defined by 
f - l (y ) ,  i f y• [0 ,  f(0)], 
fl-1](y) = 0, i f y•  [f(0),oo]. 
The function f is the additive generator of T. If f is bounded, then it can be chosen uniquely so 
that f(0) -- 1 and the corresponding t-norm T is called a nilpotent -norm. If f is unbounded, 
the corresponding t-norm T is called a strict t-norm. 
If T is a t-norm and A, B are fuzzy sets of the real line R, then their T-sum C = A ~T B is 
defined by the generalized extension principle of Zadeh [6] as 
C(z) = sup T(A(x) ,B (y ) ) ,  z • R. 
x+y=z 
If T is a continuous Archimedean t-norm with an additive generator f ,  then 
C(z) = sup f[--1] (.f (A(x)) ,  f (B(y))) .  
x+y=-z 
2. STR ICT  t -NORM-BASED ADDIT ION 
OF FUZZY INTERVALS OF L-R TYPE 
Due to the associativity of a t-norm T, the addition ST of fuzzy intervals is associative, and 
hence, it is enough to investigate the sum of two fuzzy intervals only. In the following, we 
investigate the sum of two fuzzy intervals only. 
The next result on the sum of fuzzy intervals of L-R type based on an Archimedean continuous 
t-norm T is due to Mesiax [7], which generalizes earlier results of Hong and Hwang [3]. 
THEOREM 2.1. Let T be a continuous Archimedean t-norm and let f be its additive generator. 
Let Ai = (ai, bi, a, ~), i = 1,2, be fuzzy intervals of L-R type. If  f o L and f o R are convex 
functions, then the membership function ofT-sum A = A1 ~T A2 is given by 
A(z) = 
17 
0, 
i ra< z<b,  
i ra -  2a < z < a, 
ifb < z < b + 2f~, 
otherwise, 
where a = al + a2, b = bl + b2. 
For a strict t-norm T, Maxkov~ gets the following result [2]. 
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THEOREM 2.2. Let T be a strict t-norm with additive generator f .  The conclusions of Theo- 
rem 2.1 are true, if and only if the composite functions f o L and f o R are convex. 
We note that the above mentioned results hold only for fuzzy intervals of L-R type with 
common spreads a, j3. For arbitrary spreads, it seems to be very difficult and complicated to 
determine the exact membership of T-sum A = A1 ~T A2. 
In the following theorem, we generalize Theorem 2.2 to the equivalent form for arbitrary fuzzy 
intervals of L-R type. 
THEOREM 2.3. Let T be a strict t-norm with additive generator f .  For fuzzy intervals Ai = 
(ai, bi, C~i, #i)LR, i -~- 1, 2, A1 ~T A2 < A*, if and only if f o L and f o R are convex, where 
1, 
ft-x] (2f 
If-l] (2 f  
A*(z) = f[-~l (2f  
\ 
f[-]] (2 f  
0, 
i f  a < z < b, 
if a -  (~1 + c~2) < z < a -  a*, 
if a -a*  < z < a, 
if b < z < b+ #*, 
i fb+f l *  <z<b+#1+#2,  
otherwise, 
(i) 
#* -= #1 V #2, #* = #1 A #2, 0~* = al V a2, c~. = al A c~2, a = al + a2, b = bl + b2. Furthermore, 
the equality o[ A1 E]~T A2 <_ A* holds when and only when el  = ~2, fll =/32. 
PROOF. Let T be a strict t-norm with additive generator f,  and let Ai = (ai, bi,ai,~3i)LR, 
i = 1,2, be fuzzy intervals of L-R type. Then the membership function of A1 DT A2 = A is 
/ 
A(z) = f[-1] [ inf (f(A,(Xl)) + f(A2(x2)))} \xl+x~=z / 
and we know easily that the support of A is included in the interval [a - (al +a2), b+#1 +#2] and 
the peak of A is [a, b]. We denote by B, = (ai - bi,O, ozi,#i)LR, i = 1,2, and the sum B1 GT B2 
by B. Since Ai(x) = Bi(x - bi) for all x, we have for each z, 
/ \ 
A(z) = fI-1] ~ inf (f (Al(Xl)) + f (A2(x2)))~ \=l+z2=z / 
=/-1]  ( inf (f (BI(Yl)) + f (B2(Y2)))~ 
\yl+y2=z-b / 
= S(z - b ) .  
This implies that it is enough to consider the theorem for the sum B = B1 ~T B2, - (a l  + a2) < 
z </31 +/32. Since [4], it is well known that the left side of a T-sum of fuzzy intervals of L-R type 
depends on the left sides of incoming summands only. A similar assertion holds true for right 
sides, thus, we prove only for 0 < z < #1 + #2. Without loss of generality, we assume/31 <_ #2- If 
we denote f o R by K for the simplicity, then the membership function of B is represented as for 
0<z<#1+~2,  
\xi<_131 ,i=1,2 
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If Xl < 0, K(xl/81) + K(x2/82) >_ K(0/81) + K(z/82) = K(z/B2), and if xa < 0, K(xl/~l) + 
K(x2/~2) >_ K(z/81) + K(0/82) >_ K(z/82), by the increasing property of K. Suppose that 
K = f o R is convex, then both inequalities induce the following inequality: 
l(K(X~l) (x-~22)) (~2)  + K _> K , (2) 
and if xl,x2 >_ 0, we consider the following problem: minimize H = xi/~1 + x2/~2 under the 
constraints 
xl +x2 = z, 0 _< x~ _< 8i, i = 1,2. 
Then we can easily see that H has a minimum z/82 at Xl = 0, x2 = z if 0 _< z < f12, and 
(z - (82 - f~1))/~1 at Xl = z - 82, x2 = f~2 if 82 _< z <_ ~1 + f~2. Also applying the convexity 
of K,  we obtain 
+K >g + 
K z if 0 < Z < 82, (3) 
> 
K(  z-(/32-f~l))2-~1 ' i f82<z<81{-~2" -  - 
We should note that the inequality (2) can be covered only by the representation f the above (3). 
It follows that for 0 < z < 81 + f~2, 
B(z)=f[-1)( x~+x2=z (K (  xl)-~1 +K(X2)~2 
\X i<,~i , i=l ,2 
z (4 / 
f [ -1 ] (2K(~2)  ) ,  i f0<z<82,  
< 
f[-1](2K(Z-(82-81)))'~"~; , i f~2<z<81+82._  _ 
It follows that A1 ST A2(z) <_ A*(z). 
Conversely, we assume that A1 ST A2(z) <_ A*(z). If we take fuzzy intervals A1 = A2 = 
(0, O, 1, 1)LR, then for 0 < z < 2, 
Since f is decreasing, 
= f(-1) ~( x+v=,inf (K(x) + K(y))) 
\0<x,y<l  
>_ f[-1] (K(x) + K(y)). 
K(~"~I<K(x)+K(Y)-  2 , fo ra l lx ,  yE[0,1] ,  
which is equivalent to the convexity of f o R. Now it remains to prove that A1 ST A2 = A* iff 
~1 = c~2, 81 = 82. But by Theorem 2.2, A1 ST A2 = A* for ~1 = ~2, ~1 = f~2. Suppose a l  ~ ~2 
or/~t ~ 82. Without loss of generality, we assume 81 ¢ 82. And suppose A1 ST A2 = A*. For 
0 < z < 82, (4) induces the following equation: 
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Since K = f o R is convex and nondecreasing, the right-shape function R should be strictly de- 
creasing, otherwise, the convexity of K would be violated. By this fact, we know that  R(1/2) > 0. 
I f  we put z = f~2 in equation (5), we obtain 
which induces the contradiction, since K(1) - f (0)  -- oc and K(1 /2)  = f (R(1 /2 ) )  < oc. This 
completes the proof. 
REMARK 2.4. Let Ai = (ai, bi,o~i,~i)LR, i = 1,2, be linear fuzzy intervals with (~I ~ f~l (or 
a2 ~ ~) ,  L(x)  = R(x )  = 1 - x. If  T is a strict t -norm with convex additive generator f ,  
then A1 ~T A2 < A*, by Theorem 2.3. But for some nilpotent t -norm T, we can find that  
A10TA2 = A*. For example, we consider Lukasiewicz t -norm TL with the generator f (x )  = l -x ,  
TL(X , y) = max (0, x + y - 1}, x, y E [0, 1]. Then f o R (z )  = f o L (z )  = x. This implies that  
A*(z )= L a -z  , i fa -c~*  <z<a,  
R(7 .  b ) ,  i fb<z<b+/~* ,  
from which we know that  A*(z)  = A1 @T~ A2, where Tw is the weakest t-norm, Tw(x ,y )  = 0 
whenever x V y < 1 and Tw(x, y) = x A y, otherwise. On the other hand, the addition (~TL based 
on Lukasiewicz t-norm TL coincides on linear fuzzy intervals with the addition @T~ based on the 
weakest -norm Tw (see [8]). It  follows that  
A1 ~TL A2(z) = A1 ~T~ A2(z) -- A*(z).  
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